SINGULARITY OF EIGENFUNCTIONS AT THE JUNCTION OF 
SHRINKING TUBES, PART II 
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Abstract. In continuation with 1171 . we investigate the asymptotic behavior of weighted eigen- 
functions in two half-spaces connected by a thin tube. We provide several improvements about 
some convergences stated in 1171 ; most of all, we provide the exact asymptotic behavior of the 
"JL ' implicit normalization for solutions given in 1171 and thus describe the (N — l)-order singularity 

developed at a junction of the tube (where N is the space dimension). 

o 

r l} ■ 1. Introduction and statement of the main result 

i The interest in the spectral analysis of thin branching domains arising in the theory of quantum 

graphs modeling waves in thin graph-like structures (narrow waveguides, quantum wires, photonic 
crystals, blood vessels, lungs), see e.g. [TTJ[20], motivates a large literature dealing with elliptic 
eigenvalue problems in varying domains; we mention among others [3J [H [SJ HJ [7J [HI EH EH EH EH 

In [17] . the asymptotic behavior of cigenfunctions at the junction of shrinking tubes has been 
investigated. In a dumbbell domain which is going to disconnect, it can be shown that, generically, 
the mass of a given eigenfunction of the Dirichlct Laplacian concentrates in only one component 
of the limiting domain, while the restriction to the other domain, when suitably normalized, 
develops a singularity at the junction of the tube, as the channel section tends to zero. The 
main result of |17j states that, under a proper nondegeneracy condition, the normalized limiting 
profile has a singularity of order N — 1, where N is the space dimension. The strategy developed 
in |17| to evaluate the rate to the singularity at the junction is based upon a sharp control 



< 



> 

ID 

\q . of the transversal frequencies along the connecting tube, inspired by the monotonicity method 

qq ' introduced by Almgren [5] and then extended by Garofalo and Lin [TH] to elliptic operators with 

04 . variable coefficients in order to prove unique continuation properties. 

^v^j ' In continuation with |17j . we investigate the asymptotic behavior of solutions to weighted 

eigenvalue problems in a dumbbell domain fi £ C R*, N ^ 3, formed by two half-spaces connected 

C*~) ' by a tube with length 1 and cross-section of radius s: 

Q £ = d- UC £ U D + , 

■ where e E (0, 1) and 

^ ; D~ = {{xi,x') elx IR"- 1 : xi < 0}, 

C E = {(xi, x') eRx IR^" 1 : < «i < 1, \x'\ < e}, 

D+ = {(xi,x') eRx R N ~ 1 : Xl > 1}. 

We also denote, for all £ > 0, 

B+ := D+ n B(e u t), := D~ D -8(0, t), 
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Figure 1 . The domain Q e 



where ei = (1,0,..., 0) <G R N , = (0,0,..., 0), and B(P, t) := {x g R N : \x - P\ < t} denotes 
the ball of radius t centered at P. Let p g C 1 (R iV ', K) n L°°(R JV ) be a weight satisfying 

(1) p > a.e. in p g L N ' 2 (R N ), Wp(x) ■ x g L w / a (R*), ^ g L N ' a (R N ), 

OXi 

(2) p^0inL>~, p^0inL>+, p(x) = for all x g -Rf U C x U 5^. 

Assumption @ is stronger than in |17j . We are confident that the present arguments apply even 
under the weaker assumption of |17j . up to several modifications mainly concerning calculus. For 
reader's convenience we consider worthwhile presenting the argument in this simpler case. 

For every open set fl C M. N , we denote as <T p (f2) the set of the diverging eigenvalues Ai(f2) ^ 
A2 (fi) ^ • ■ ■ ^ Afe(fi) ^ ■ • • (where each Afc(fi) is repeated as many times as its multiplicity) of 
the weighted eigenvalue problem 

{— A<p = Xpip, in 0, 
ip = 0, on on. 

It is easy to verify that a p (D~ U D + ) = a p (D~) U a p {D + ). 
Let us assume that there exists fco 5^ 1 such that 

(3) Xk {D + ) is simple and the corresponding eigenfunctions 

have in ei a zero of order 1, 

(4) \ ko (D+)?* p (£>-)• 

We can then fix an eigenfunction uq £ T) 1 ' 2 (D + ) \ {0} associated to Xk (D + ), i.e. solving 



(5) 

such that 



-Au = Xk (D + )pu , in D + , 
u a = 0, on dD + , 



(6) ^M>0. 

Here and in the sequel, for every open set H C M. N , 2? 1,2 (f2) denotes the functional space obtained 

1 /2 

as completion of C£°(£l) with respect to the Dirichlet norm ( J n \Vu\ 2 dx) . 

From [16l Example 8.2, Corollary 4.7, Remark 4.3] (see also [17l Lemma 1.1]), it follows that, 
letting 

a £ = x k m 

where k = k +card{j g N\ {0} : Aj(£>") < X ko (D+)}, so that X ko {D+) = A S (D _ U D+), there 
holds 

(7) A e ^A feo (L> + ) ase^0+. 
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Furthermore, for every e sufficiently small, X £ is simple and there exists an eigenfunction u e 
associated to A e , i.e. satisfying 



(8) 

such that 



— Au e = X e pu e , in f2 e , 
u e = 0, on dfl E 



(9) u £ ^u Q inX> M (R A ) as£^0+, 

where in the above formula we mean the functions u £ ,uq to be trivially extended to the whole 
K . We refer to [9l §5.2] for uniform convergence of eigenfunctions. 

For all t > 0, let us denote as the completion of C^°(D~ \ B^) with respect to the norm 

{Id-\b- \^v\ 2 dx) 1/2 , i.e. Hi is the space of functions with finite energy in D \ B t vanishing 

on dD~. We recall that functions in T-L^ satisfy the following Sobolev type inequality 

(10) C s ( ( \v(x)fdx) \\7v(x)\ 2 dx, for alU > and v G , 

for some Cs = Cs(N) > depending only on the dimension N (and independent on t), see [TT1 
Lemma 3.2]. 

We also define, for all t > 0, 

(11) Tt=D~ndBt. 
Let 

* : S N_1 -> K, *(^i,e 2) ...,e JV ) = ^ L , 

i iV 

being S^" 1 = {(0 1 ,6 2 , ...,6 N ) €R N : J^^Li °? = !} thc unit - l)-dimensional sphere and 

(12) T N = sj\I sN -Jldo{0). 

Here and in the sequel, the notation da is used to denote thc volume element on (iV— l)-dimensional 
surfaces. We notice that, letting 

S^" 1 := {6 = (6 1 ,6 2 ,...,6 N ) G S^" 1 : 9 1 < 0}, 

S^ 1 := {9 = {fix, 2 , ... , M G S^" 1 : 9i > 0}, 

VP - = — y^j- is the first positive L 2 (§^~ ^-normalized eigenfunction of — A§jv-i on under 
null Dirichlct boundary conditions satisfying 

(13) - A s jv-i*- = (N- 1)*- 

and \E r+ = is the nrs t positive L 2 (§^~ ^-normalized eigenfunction of — A s jv-i on §^ _1 under 
null Dirichlct boundary conditions satisfying 

(14) - A S iv-i* + = (N- 1)*+ on§+ _1 . 
The main results of |17j are summarized in the following theorem. 

Theorem 1.1. ( \17\) Let us assume ([I])-® hold and let u e as in Then there exists k G (0, 1) 
such that, for every sequence e n — > + , there exist a subsequence {e nj }j, U G C 2 (-D~)u( lj t>0 HT) > 
U ^ 0, and j3 < such that 

u En . 

(i) — 3 — >• U as j — > +oo strongly in Ti.^ for every t > and in 

/ J r - w 2 n der 

C 2 (B- 2 \B~) for all0<t 1 < t 2 ; 

(ii) X n ~ l U(Xx) — > /3 -j — as A — > + strongly in T~L[ for every t > and in 



C 2 (B^\B^) for all0<t 1 <t 2 . 
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The aim of the present paper is twofold. On one hand, we will remove the dependence on the 
subsequence in the previous statement. On the other hand, the aforementioned theorem provides 
an implicit normalization (i.e. J r - it 2 ^ da) for the sequence of solutions to detect the limit profile; 

k i n i 

we will determine the exact behavior of this normalization, thus providing an asymptotics of 
eigenfunctions, which will turn out to be independent of k e (0, 1). To this aim, we proceed 
step by step, analyzing the asymptotics at succeeding points, starting at the right junction where 
an initial normalization is given by © and ©• In view of [TJ Section 4], the final behavior 
of J p - u 2 . da will depend on the particular domain's shape, which will be recognizable by some 

k n i 

coefficients appearing in the leading term of the asymptotic expansion. More precisely, information 
about the geometry may be discerned in the dependence of the coefficients on the limit profiles 
produced by a blow-up at those points where a drastic change of geometry occurs. 

We believe that from the asymptotics of eigenfunctions proved in the present paper an exact 
estimation of the rate of convergence of eigenvalues on the perturbed domain to eigenvalues on 
the limit domain could follow; this is the object of a current investigation. 

Before stating our main result, let us introduce the functions describing the domain's geometry 
after blowing-up at each junction. Let us denote 

D = D+ UTf , Tf = {(x!,x') : \x'\ < 1, x x < 1}. 

In [171 Lemma 2.4], it is proved that there exists a unique function $ satisfying 



It-ub+ t (\^®( x )\ 2 + M x )\ 2 ) dx < +°° for a11 R > 2 > 

(15) ^ — A$ = in a distributional sense in D, $ = on dD, 

J D+ \V(<S>-(x 1 ~l))(x)fdx<+^. 

Furthermore $ > in D and, by jTTJ Lemma 2.9], there holds 

(16) <f>(x) = (xi - 1)+ + 0(\x - ei| 1_JV ) in D + as |x-e x | -> +oo. 
Let us define 

(17) D = D~UT+, T+ ={(xi,x') : \x'\ < 1, x x ^ 0}, 

(18) S = {x' e K w_1 : \x'\ < 1}, Ti = {(x u x ; ) : x x e R, \x'\ < 1}. 

We denote as Ai(S) the first eigenvalue of the Laplace operator on E under null Dirichlet boundary 
conditions and as ipf(x') the corresponding positive i 2 (S)-normalizcd eigenfunction, so that 



(19) 



-A x ,t/j?(x') = \ 1 (Z)tP?(x'), inS, 
tpf = 0, on 0£, 



being A x > = J2f=2 J?r> x ' = ( x 2, • ■ • , x N ). We define 



h:Ti->R, h(x 1 ,x') = eV^)^i/jf( x '), 
and observe that h £ C 2 (Ti) n C°(J\) satisfies 

(-Ah=0, inTr, 
1/i = 0, ondTx. 

In [T71 Lemma 2.7] it is proved that there exists a unique function $ : D —> M such that 
U D - (\^{x)? + \Hx)f)dx<+^ 

(20) < — A$ = in a distributional sense in D, $ = on dD, 
[j Ti \V($-h)(x)\ 2 dx < +oo. 

Furthermore 

(21) 8 > in D, d^hinTt, $ - h € D 1,2 (5), 
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and, by [17l Lemma 2.9], 

(22) $(x) =0(\x\ 1 ~ N ) as \x\ -> +00, x e D". 

A further limiting profile which plays a role in the asymptotic behavior of eigenhmctions u £ at the 
singular junction is provided in the following lemma. 

Lemma 1.2. If H])-© hold, there exists a unique junction U : D~ — > M such that 



(23) 



U€\J R>0 C 2 (D-\_B R ), U€{J R>0 Hn, 

-AU = X ko (D+)pU, inD-, 

U = 0, ondD-\{0}, 

X N - 1 U(X0) — > 9- (9), tnC ^- 1 ). 



Our main result is the following theorem describing the behavior as e — > + of u e at the junction 
O = (0,...,0). 

Theorem 1.3. Let us assume dU)-© hold and let u £ as in (|8)l. Then 

(24) e ~^7" E ~> (j^ _ i He)^-(6)da S j ^(l,x'^f(x')dx'^ (^(ei))l/ 

as e — > + strongly in Ti^ for every t > and m C 2 {B^ 2 \ -Bj") /or aZZ < t\ < t%, where $ and 
$ are defined in (|15p and (|20p respectively, and U is as in Lemma \1.2\ 

The paper is organized as follows. In section [5] we improve Theorem 11.11 ruling out dependance 
on subsequences and prove Lemma 11.21 completely classifying the limit profile at the left junction. 
In section [3] we describe the asymptotic behavior of the normalization of Theorem 11.11 and prove 
Theorem 11.31 to this aim we first evaluate the asymptotic behavior of the denominator of the 
Almgren quotient at a fixed point in the corridor, then at e-distance from the left junction in the 
corridor, and finally at a fixed distance from the left junction in D~ . 

2. Independence of the subsequence 

A deep insight into [17] highlights how the dependence on the subsequences in Theorem 11.11 
is a priori given by two different facts: on one hand, the convergence to the limit profile in the 
blow-up analysis at the right junction up to subsequences and, on the other hand, the possible 
multiplicity of the limit profiles at the left junction (named U throughout [U]). In this section we 
rule out both such occurrences. 

2.1. Independence in the blow-up limit on the right. The first improvement concerns 
Lemma 4.1 in [T7]. We recall some notation for the sake of clarity. 
Let us define 

(25) u E :Q £ ^R, u e (x) = -u £ (ei + e(x - ei)) , 



where 

(26) U £ := ei + — = {x g M iv : ei + e(x - ei) G Q £ }. 



n e - ei 



e 

For all R > 1, let be the completion of C%° (((-co, 1) x R N ~ 1 ) U B^) with respect to the 

1 /2 

norm ( frr^ i] x r n - 1 )ub + l^^l 2 ^) > i- e - IS the space of functions with finite energy in 

((-00, 1] x I*" 1 ) U B+ vanishing on {(l,x') eMx R^" 1 : \x'\ ^ R}. 

Lemma 2.1. ( |17l Lemma 4.1 and Corollary 4.4]) For every sequence e n — > + there exist a 
subsequence {s nk }k and & constant C > such that u Sn — > C<& strongly in for every R > 2 
and in C 2 (B^ 2 \ B^) for all 1 < n < rz, where (f> is the unique solution to problem (|15l) . 

We are now able to prove that the limit C$ does not depend on the subsequence. 
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Lemma 2.2. Let $, ty + = J^~, and Tn be as in (fT5]) . ([14]) . and (fl"2)) respectively. Then, for 
every r > 1, the following identity holds true 

-(-/ $( ei +r0)tf+ (0)^(0)- / $( ei +0)*+(0)da(0) ) 



= Tat- / $(ei + e)^ + (6)da(9). 

Proof. For all r > 1, let us define 

w(r) = / J>( ei + r9)^ + (0) da 

From (fT5| . t; satisfies 
(27) 



7V-1 
+ 



(^ +1 Q')' = 0, in(l,+oc), 



hence, by integration, there exists C £ R such that 

(28) ^ = w (l) + ^(i- r - JV ) ; for all re (l,+oo). 

r Jy 

From (HU) we deduce that ^ Jgjv-i 6>i*+(0) der(0) = ^ J^-i ^ dcr(6») = T N as r — > +oo. 

ie £ 



Hence, passing to the limit asr-i +oo in (|28|) . we obtain that T« = v(l) + jj, i.e. ^ = T«- v(l). 



Then (123) becomes 



^ = v(l)r- N + T N (1 - r~ N ), for all r e (1, +oo), 
r 

which directly gives the conclusion. □ 
Proposition 2.3. Let {e n } n , {e, lk }k, and C be as in Lemma WJ\ Then 

Proof. For all r <G (e, 3) let us define 

<p e (r) = I «=(ei + r0)*+(0) da(8). 
is™" 1 

From (JSj) and (|2|) it follows that (p e satisfies 



(^)') 



0, in(e,3), 



hence there exists a constant c £ (depending on e but independent of r) such that 

Integration of the previous equation in (Re, 1) for a fixed R G (1, 1/e) yields 

(29) ^g £l = ^(l) + |(l-(ife)- JV ). 

On the other hand, integration over (e, fee) provides 

(in\ ^e(ke) _ tpeje) _ c £ 

ke e ~ Ne N 

From (I25|) it follows that 



1 - k~ N ) , for all k e (l, ^) 



<Pe{ke) _ 1 
ke k 



u e (ei +k9)y + (6) da(6) 

TV — 1 
+ 
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and (j30j) becomes 

j [ u 6 (ei + k6)*+(6) da{6) - [ u s (ei + 6)<f + (9) da{0) = (l - k~ N ) . 
k J s n-i J s n-i Ne 1 " 

Then, from Lemma |2.1[ 
Cs», Ck N ( 1 



Ne^f fc^+oo k N - 1 \ A"- 1 



/ $(ei + fc6>)* + (6»)dCT- / $( ei da | 

- ^Tjv - jj^ i *(ei + da^J , 

where the last identity is a consequence of Lemma 12.21 Therefore, passing to the limit along the 
subsequence e, lk in (|29| and exploiting Lemma |2~T1 and ([9]), we obtain that 

- / <i>(e 1 +R9)^ + (e)da = [ u Q (e 1 + 6>)*+ (6) da 



for every R > 1. In view of Lemma 12.21 the previous identity becomes 
(31) CT N =[ u a (e 1 +e)^ + (9)da. 

For all r € (0, 3), let us dchnc 

w(r)= I u (e 1 +r9)^ + (e)da(e). 

From w satisfies 

N - 1 TV - 1 
u/'(r) + - w'(r) — w(r) = 0, in (0, 3), 

hence, by integration, there exist c, d G R such that 

wf^cr + rfr 1 ^, for all r G (0,3). 
The fact that w G T> 1 > 2 (D + ) implies that d= 0. Hence 

e=^ = - / uo(ei + r6O* + (0)<M0), for all r e (0, 3). 

r r Jg«-i 

Moreover 

hm = Vito(ei) • = — - (e 1 )6 1 = ——{ei)T N ^ + {9) 1 

r->-o+ r axi axi 

thus implying that c = §?^(ei)Tjv and hence 

-[ uo(e 1 +r9)V + (6)da(6) = ^-(e 1 )r N , for all r G (0, 3). 

Replacing this last relation into (f3~T|) we conclude that C = f^-(ei). □ 

Combining Lemma 12. II and Proposition 12. 31 wc obtain the convergence of u e to its limit profile as 
0+ 

Lemma 2.4. Letu e be defined in (j2"5)l . T/ien 

u E -> — ei ase->0 + , 



strongly in H~^, for every R > 2 and m C 2 {Bt 2 \ 5^) /or a/^ 1 < n < T2, where $ is £/ie unique 
solution to problem (JTS 
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2.2. Independence in the limit profile at the left. The second improvement about indepen- 
dence on subsequences concerns Proposition 6.1 in |17| and the convergence of the normalized 
cigenfunctions 

(32) U,(x) - " ,W 



u 2 da 



to a universal profile (not depending on subsequences) , with k as in Theorem 11.11 and as in 
(fTTjl . We notice that, for e small, U e solves 



-AU £ = X eP U ei inJ2 £ , 
U F = 0, on dn e 



(33) 
and 

(34) / U 2 da = 1 



The following proposition summarizes the results of [171 Propositions 6.1 and 6.5]. 

Proposition 2.5. ( |171 Propositions 6.1 and 6.5],) For every sequence e n — > + there exist a 
subsequence {£n k }k> a function U € C 2 (D~) U (Ut>o^t~)> an< ^ P ^ ^ such that 

(i) U Sn -» U strongly in for all t > and in C 2 (7? t ~ \7? t ~) for all < t\ < i 2 ; 

(ii) J T -U 2 da = 1; 

fc 

(iii) C7 solves 



(35) 



-AC/ (a;) = AfcoCU+Xa:)^), l n D" 

17 = 0, on97J-\{0}; 



(iv) X N - 1 U(Xx) -> /3 j^jV as A -> 0+ strongly in H t for every t > and m C 2 (B t2 \ B tl ) for all 

o<h < t 2 . 



To prove that the limit profile U in Proposition 12.51 does not depend on the subsequence, we 
are going to show that it is necessarily a multiple of the universal profile U provided by Lemma 
11.21 normalization (|34[) will univocally determine the multiplicative constant. 

A key tool in the proof of Lemma 11.21 is the following uniform coercivity type estimate for the 
quadratic form associated to equation (|35[) , whose validity is strongly related to the nondegeneracy 
condition We denote 



(36) n r := D~ \ BZ r for all r < 0. 

Lemma 2.6. Let u G C 2 (D~) U (Ut>o^t~) ^ e a solution to the problem 



(37) 



-Au(x) = X ko (D + )p(x)u(x), in D , 

u = 0, ondD-\{0}, 



where p G L N ' 2 {D-) \ {0} and X k(l {D+) a p {D~). For any f G L N ' 2 {D-) and M > there 
exists Rmj > such that, for every r £ (0, Rmj), 

(38) [ |Vw(.t)| 2 dx > M [ \f{x)\u 2 {x)dx. 

7si_ r Ju- r 

Proof. The proof is similar to the proof of Lemma 3.6 in [T7] and hence is omitted. □ 

We are now in position to prove Lemma 11.21 

Proof of Lemma 11.21 The existence of a solution to (f2"3"]l follows from Proposition 12.51 To 
prove uniqueness, we argue by contradiction and assume that there exist U\, U\ solutions to f|23[) 



SINGULARITY OF EIGENFUNCTIONS, PART II 



9 



such that Ui ^ U-2- The difference V = U\ — U2 satisfies 



(39) 



VeU R>0 C 2 (D-\B R ), V£[J R>0 U R , 
-AV = X ko (D+)pV, inD~, 
V = 0, on&D"\{0}, 

[\ N ~ 1 V(\8) -t 0, inC ^- 1 ). 

Let us fix 6 > 0. From Lemma T2.61 there exists Rg > such that 



(40) 
(41) 
(42) 



\2p + x- Vp\\ 



L 3N B 



( B n s ) ^ \w N - J 8X ko (D+) 



( 2N 



C S S 



VV\ 2 - X ko (D+)pV 2 )dx>- I \VV\ 2 dx, 



VV\' - \ ko (D+) P V' \dx> 



4A fcn (g + ) 



\2p + x -Vp\V 2 dx, 



for all r £ (—Rg, 0), with Cs as in dTU]). For all t > 0, let us define 

1 



(43) 
(44) 



D v (t) 
H v (t) 



f-N-2 
1 



\VV(x)\ z - X ko {D+)p(x)V z {x) \dx 



V 2 {x) da 



V 2 (t0) da (6). 



Direct calculations (see (TTl Lemma 3.15] for details) yield 



D' v (t) = -- 



dV 



dv 



da — 



t N-l 



t N-2 

From (f3"9"]l. we have that 

'\VV{x)\ 2 - X ko (D+)p(x)V 2 (x))dx 



(2p(x) + x ■ Vp(x))V 2 (x)dx. 



ov 



v = v{x) = j|y which, by Schwarz's inequality, Lemmas 12.61 and the Poincare type inequality 



(45) 



t N-2 



\S7v(x)\ 2 dx > 



N — 1 



v 2 da, for all t > and v £ % t 



proved in |17l Lemma 3.4], for every t £ (0, Rg), up to shrinking R$ > 0, yields 



(46) 





OV 


4 


dv 



2 In t (\VV\*-\ ka (D+)pV*)dx 
da > 



f r -V*da 



VV\ z -X ko (D+)pV')dx 



(l-f)(iV-l) 



fi-t 



VVf- X ko (D+) P V z \dx, 



with Sq = zTR-Tj e (0, 1) . From Lemma |2~61 and (|4^|) . up to shrinking Rg, there holds 



d 2(1-S )(N-1) 

-Dy(t) > ^ 

= 2(1 -S Q )(N- I) 
t 



|W(x)| 2 - X ka (D+)p(x)V 2 (x))dx 



fi-t 



D v (t) 



for all t £ (0,Rg). Integrating the above inequality, we obtain that 

(47) D v (h) ^ I D v (t 2 ) for every t%,t2 £ (0,Rg o ) such that t% < t 2 . 
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Let us define Afv ■ (—00, 0) — > K as 

(-r)f nr (\VV(x)\ 2 -\ k0 (D+)p(x)V 2 (xj)dx 



N v {r) :-- 



Ir- V*{x)do 



Direct calculations (see [T71 Lemmas 3.15 and 6.2] for details in a similar case) yield 

— Nv(r) = v x {r) + u 2 (r), re(-oo,0), 
ar 

where 

v x {r) = -2r-^^ 1 v ~ r 2 — > 

($ T -_V*{x)da) 

by Schwarz's inequality and 

L (2p(x)+x-X7p(x))V 2 (x)dx 

Mr) = A feo (£> + — . 

ir: r ^ 2 (x)do- 

Hence, for all r e (— i?<s,0), 

^ > -*(r) 
where 2T(r) = Afc "if +) (J(-r) + ZT(-r)) with 

I(t) = r— , II (t) 



5 
3iV 




2/2* 


Jn_ t 




da; 



L_ t (l vl/ l 2 -^o(^ + )P^ 2 J^ Jn _l\VV\*-\ ko (D+)pV*)dx 

By Holder inequality (j41|). (flUl) . and (|4T))) . can be estimated as 



i(t) ^ \\2p+x-v P \\ , \ n_ t \n_ t 3 /B 

for all t G (0, i?^ 3 ). On the other hand, from gSJ and (@2J 

/„ ^p + x-VplF 2 ^ / n (|VVf -A*^)^ 2 )^ 
L_ f3/5 (|V^I 2 -A fcn (Z?+)^ 2 )dx / n _ t (\VV\*-\ ko (D+)pV 2 (x))dx 

. i(N -2) Dv(t 3/5 ) 



4A fco (£>+) IV(t) 4A fco (£)+) 

for all i G (0, i?^ 3 )- Combining the previous estimates we obtain that X(r) ^5 (5 and hence 

5= -5 



Afv(r) 
for all r G (-R 5 / 3 ,0). 

Since Afv(r) ^ for r close enough to by (|4Tj) , we obtain Ny(r) + 8Nv{r) ^ 0, therefore 
the function e Sr My(r) is monotone nondecrcasing in a left neighborhood of the origin, so that 
in particular Afv(r) admits a limit as r — > 0. We observe that Lemma [2.61 and (|45l) ensure that 
lim r ^ - A/y( r ) ^ AT — 1. We claim that 

(48) lim J\f v (r) = N - 1. 

r->-0- 
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To prove claim (j48j) . we assume by contradiction that there exist 8 > and r < such that 
Nv{r) N — 1 + 8 for all r £ (f, 0). If we integrate the inequality 

over (t, — f), we obtain 

(49) t 2(N - 1+ ^H(t) ^ const > 0. 

On the other hand, from gl]) and flU it follows that H v (t) = o(t 2 ( 1_Ar )) as t -> 0+, thus 
contradicting (|4"9"]) and proving claim (|4"5)) . 

From (|48p . arguing as in |17l Lemma 6.2, Lemma 6.4, Proposition 6.5] one can prove that, if 
V ^ 0, then V would satisfy 

X N ~ 1 V(X6) -> c*~(0) as A -> 0+ in C ^" 1 ) 

for some c ^ 0, thus contradicting (j3T))) . Then V = 0. □ 

Remark 2.7. The previous proof does not require assumption ©. More generally, the same 
argument applies replacing p with any L Ar ' 2 (£) _ )-function and Xk (D + ) with any Ao ^ a p (D~). 

Combining Proposition 12.51 with Lemma ll .21 we can prove that, due to the universality of the 
limit profile, the convergence of U e does not depend on subsequences. 

Proposition 2.8. Let U s be defined in ([52"]) and U as in Lemma [T7B . Then 

U e ^ — j = , as e -> + , 



strongly in T~i t for every t>0 and in C 2 (_B 4 ~ \ B t ~) /or a/; < £i < t 2 ■ 

Proof. Let e n — s- + . From Proposition ^. 51 there exist a subsequence {e nfc }fc, /3 < 0, and a function 
U £ C 2 {D-) U (Ut>o^t") such that ^ -> strongly in UZ for all t > and in C 2 {B^\B^) 
for all < ii < i 2 , C/ solves (35]), and A Ar " 1 C/(A6») -> in C ^" 1 ). From Lemma H~2l it 

follows that -^g = U, whereas part (ii) of Proposition 12.51 implies that /3 = — ( J r - If 2 da) 1 ^ 2 . 

Hence the limit U depends neither on the sequence {e n } n nor on the subsequence {e„ fc }fc, thus 
concluding the proof. □ 

3. Asymptotic behavior of the normalization 

As already mentioned, in this section the technique is proceeding by steps. Starting from the 
right, where we can exploit the strong convergence ((9]), we first evaluate the asymptotic behavior 
of the denominator of the Almgren quotient at a fixed point in the corridor, then at e-distance 
from the left junction in the corridor, and finally at a fixed distance from the left junction in D~ . 

Following [T7], for every r £ (0, 1) and t > e we define 



(50) H e (r):= / u 2 (r, sx')dx' = e 1 - N / u 2 (r, x')dx' = e^ N H L e {r) 

1 



(51) #-(;);=__ J^uida, 

where is defined in (jTT]) and E £ := {x 1 £ K^ -1 : \x'\ < e}. We also define, for every r > 0, 

O r = D~ U {(xx,x') £ T+ : x x < r} 

and H r as the completion of 

V r := {v £ C°°(h r ) : suppw <e D) 

1 /2 

with respect to the norm (f n \Vv\ 2 dx) 1 , i.e. U r is the space of functions with finite energy in 
fl r vanishing on {(xi,x') £ dQ, r : x\ < r}. 
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Lemma 3.1. Let us fix xq G (0, 1) and define 

u e (e(xi - 1) + x ,£x') 



(52) w e : Sl Xo , e -> M., w e (xi,x')- 

(He(x )) 1/2 



where 



n xoiE : = <j (x u x') elx E^" 1 : x x < 1 - — 



U <j {xx,x') elx E^" 1 : 1- ^° < Xl < 1+ |x'| < 1 



U ^ (xi,x') elx E : xi > 1 



e 

i , 1 — so 



t 



Then 



it'. 



(xi, x') eAPlI 1 ^ 1 )^^') m C£ c (Ti) and m "H r /or every r 



as £ — > + , w/iereAi(S) the first eigenvalue of —A x > on £ under null Dirichlet boundary conditions, 
ipf is the corresponding positive L 2 (Y.) -normalized eigenfunction (see (fT9|) ). and T\ is defined 
in (IT81). 



Proof. For every r <G E, we define 

^°' e :={(xi,x')eO X0 , e : X!<r}. 

Let us fix r > 1. Then, for e sufficiently small, e(r — 1 ) + x G (0, f ). By direct computations we 
have that 

fn*o,e (\Vw £ (x)\ 2 -e 2 \ £ p(e(x-e 1 )+x e 1 )w 2 (x))dx 

(53) — = t — T j—r-, =jV B (e(r-l)+x ) 

J s w^(r, x') ax' 

where, for all t G (0, 1), 

£ /{ (3!l .x-) e n-= ai < t } (iV^WI 2 ~ A £ p(x)^(x))dx 
N 'W H S (t) 

From jTTJ Lemma 3.21, Lemma 4.5, and Corollary 2.6 ] it follows that for every S > there exists 
£s,r.x > (depending on 5, r, and xq) such that 



(54) AT £ (e(r-l)+x ) < (l + 5)VAi(S) for all e G (0, e s , r , Xo ). 
Furthermore, |17[ Lemma 3.6] implies that, up to shrinking es, r .x > 0, for all e G (0, £s,r,x )i 

(55) X e e 2 / p(e(x — ei) + xoei)|w e (x)| 2 dx = — / p(x)u 2 (x)dx 

2-N 

2 



/ \Vu e {x)\ 2 dx = 6 / |Viu e (x)r dx, 

#e(x ) ^; ( _ 1)+!C0 No- 
where fi| (r ._ 1)+Xo = {(xi,x') G fi e : xi < e(r - 1) + x }. Collecting (|53"]), and <j55j), and 
recalling (|50p . we obtain that 



(56) / \y7M X )\^< il + 6)VXmHMr - 1)+X0) 



1 ~ 6 H e (x ) 
for all e G (0, e^r.^o)- From [17l Lemma 3.20] it follows that 

= -Af e (t), for all i G (0, 1). 
H e {t) e 
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Integrating the above identity and using again Lemma 3.21 of jT7] and (|54|) . it follows that, up to 
shrinking £s, r ,x > 0, for all e £ (0,es, r ,x o ), 

(57) ff E (e(r-l) + x ) < e 2( r -!)e\i+6)^X^) 

H e (x ) 



In view of (|56| and ((57)) . we have proved that for every r > 1 there exists e rXo > such that 
(58) { w s}ee(o,£ r ^ ) is bounded in H r . 

Let e n — ^ + . From ([58|) and a diagonal process, we deduce that there exist a subsequence 
£„ fe — > + and some w € Ur>i ^ sucn that w 6nfc — 1 w weakly in H r for every r > 1. In particular 
We„ k w a.e., so that w = in K w \ Ti. Passing to the weak limit in 

^ {-Aw £ =e 2 \ E p(e(x-ei)+x ei)w £ , in a^ j£ , 

\w E = 0, on (9fi S0)£ , 

along the subsequence e„ fc we obtain that w satisfies 



(60) 



—Aw = 0, in Ti, 
w; = 0, on dT\. 



By classical elliptic estimates, we also have that w £nk — > w in Cf oc (T\). Therefore, multiplying 
(|60p by w and integrating in Ti, r where Ti jT . := {[xi,x') £ T\ : x\ < r}, we obtain 



/" dw e r dw 

(61) / ——^-(r,x')w £ (r,x')dx'-> -^—(r,x')w(r,x')dx' 
Js OX! k Jx dx x 

= I |V 'w{x)\ 2 dx as k — >• +oo. 
On the other hand, multiplication of (|59[) by w En and integration by parts over f2r°' £ " fc yield 

(62) / |Vw £ (x)\ 2 dx = / — ^i(r,a/)t0e (r,a/)da/ 
JnZ 0,enk k Js ox! k 



+ ^ k £ n k L p{e(x - e x ) + x e!)\w en {x)\ 2 dx. 
Jn r ' " fc 



From (1551) it follows that 



(63) e 2 \ p(e(x — ei) + x e!)\w £ (x)\ 2 dx — s- as fc — > +oo, 

which, in view of (|61[) and (|62[) , implies that ||iu eii J|% r — > H^H-h,. and then We„ k converges to w 
strongly in H r for every r > 1. Then, from ([53")) . and (|54[) we deduce that, for all r > 1 and 
<5 > 0, 

/ Tir |V«;(a:)| a 



which implies that, for all r > 1. 



J s wr (r, x') dx' 



L\Vw(x)\ 2 dx 



J„ w 2 {r, x') dx' 



Hence, from [TTJ Lemma 2.5] it follows that w(x!,x') = Cev^'' 11 ^tpffx') fo r some constant 
C^0. Thanks to the definition of u> £ , we have that 



w 2 (l,x')dx' = 1, 



and then C 2 = 1. 
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It remains to prove that C > so that C = 1. Wc assume by contradiction that C < 0. By 
the convergence w Sn (l,x') —> w(l,x') in C 2 (£), it follows that, if k is sufficiently large, then 
u Sn (xq,x') < for every x' G K w_1 such that < e. 

From [T71 Corollary 1.3], for every r small, there exists e r > such that u £ > on r~ for all 
e G (0, e r ). Hence there exists a sub-subsequence {e nfc . }j such that u Snf _ > on .. Therefore, 
for j large, the functions 



u inD \B l/p 



Uj = < uf n , in B 1 j. U {(xi,x') G C e : x\ ^ xo}, := , 

0, ' in {(xi, x 1 ) G fl'"** : X! > x }, W da; )' 

are well-defined and belong to T> 1,2 {R N ) (if trivially extended to the whole lSt N ). 
Let Aj = D~ \ B~^. Then Vj satisfies 

'-Avj = K nk .pvj, in Aj, 
Vj=Q, on OAj ndD~, 

J RN pv 2 dx = 1. 
Testing equation © for £ = e n( . with «j we obtain 



hence 



,Vuj| cfcc = A E „ / s pv^dx, 

„ f 

pVjdx — E pVjdx = 1, 

\Vvj\ 2 dx= / e \Wvj\ 2 dx = X Sn . 

Hence is bounded in 2? 1,2 (K Ar ) and, along a subsequence, P 1 ' 2 (]R Ar )-weakly converges to 

some v G I? 1 ' 2 (K Ar ) such that J RTl jw 2 = 1, supp v C D~, and 

f-Av = A feo (£)+)p«, inD", 
1 w = 0, on dD~, 

thus implying that Afc (-D + ) G <j p {D~), in contradiction with assumption (QJ. 

We have then proved that the limit w depends neither on the sequence {e n } n nor on the 
subsequence {e nfc }fc, thus concluding the proof. □ 

Let us define 

(64) e : (0, 1) ->• R, <f> e (t) = [ u e {t,ex')ipf(x')dx'. 

As a consequence of Lemma I3"7T1 the following result holds. 
Corollary 3.2. For every xq G (0, 1) 

lim -4^L = 1, 
where <p e is defined in (|64[) and H e in (|50|) . 

PROOF. From Lemma |3~T1 it follows that w £ (l,x') -> ipf(x') in C 2 (S) as e -> + , i.e. 



which easily implies the conclusion. □ 
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Proposition 3.3. For every xq <G (0, 1) 



lim e-^-'^^-VjHeixo) = |^(e x ) / $(1, x'Uf (x')dx' 



£^0+ V dxi 

being uo as in (|5|) and $ the unique solution to problem (|15p . 

Proof. By virtue of Corollary 13.21 it is sufficient to prove that 

(65) Urn E^e-'^^-^Mxo) = ^(d) / a/)^V)<* 

Recalling that, from ((SJ) and ©, w e is harmonic in the corridor, e satisfies 



(4> e )»(t) = ^p-Mt), foraine(o,i), 



which can be rewritten as 



Hence 
(66) 



^fVM^t'-i)^-^^ 1 )^^'^ =0 in (0,1). 

(V«(*-i) 0eW y = C ' £ e-iV^)(t-V, for all t G (0,1) 

(67) ^(t)=A £ e^ M ( t - 1 )+S £ e-^ M (*- 1 ), for all t G (0, 1), 

being C £ , A £ and _B £ some real constants depending on e (and independent of t). The proof of the 
proposition is divided in several steps. 
Step 1: we claim that 

(68) a = -2v/V£)^- 

Indeed, fixing h > 1 and integrating (|66p over (1 — he, 1 — e), we obtain that 



2yAT(S) 



l-he 



Step 2: we claim that, for every R, h > 0, 

e VM^)fi / d>(l-]{ iI ')^(x') ( ix'-e^'' / $(l-/i,a;>iV)dx' = 0. 
Let us define 

<j> : (-oo,l] -> K, 4>(t) = / ^a/^FOO^'- 
Since <I> is harmonic on its domain, cj> solves 

r e -\A^)(t-i)^ (t) y = Ce -a v ^M) i for all 4 e (_ 00j 1]f 

being C a real constant (independent of i). Integrating the above equation over (1 — p, 1), we 
obtain 

0(1) - e^V^s)^ -p)= ° (eWM=) - A for all p > 

and then 



(69) c = e w 



2 ^ff (0(1) - e-^fll - ,)) forallp>0. 
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From [HI Lemma 2.9 (ii)], $(xi,x') = 0( e v /Al(s)£1 5 J -) as x x -> -oo. Hence 



^(l-p)^ / $(1 - p,x')i/)?(x') dx' = 0(e _ ^^ Al(E) ) 
as p — > +oo. Therefore, letting p — > +oo in (|69| implies that C = 0. This yields that 



(70) e p yfcW<j>(l-p) = 4>(l) 

for any p > 0, thus proving the claim. 

Step 3: we claim that C e — > as e — >• 0. Indeed, fixing h > R > and integrating over 
(1 — fe, 1 — i?e), we obtain that 

e e 2 v /Al(S) 

from which, thank to Lemma l2~4l and Step 2, it follows that 



c = 2y/Ai(S) (r,/!^ ^- Re) _ c h y /znv) Ml-te) 

e £ 2h A /A 1 (S) _ e 2i?^/Ai(£) V £ £ 



- e' 1 ^ y $(1 - ft,x')Vf(a;') ^' J = 



thanks to the previous step. 
Step 4: we claim that 



(71) 



— ->$^(ei) f $(l,x'Uf(x')dx' ase->0 H 
e 9xi Js 



For all i? > 0, the convergence 

<j> e {l-Re) du 



-> ?^( e i) / *(1 - a^Vf (a/) da/, as e -> H 

OXi Jz 



£ 

which is a consequence of Lemma 12.41 implies, in view of (|67[) . that 

^l e -«v / M^) + ^i e i? v / M^)^^(e 1 ) / $(1 - R, x>iV) dx' as e -> 0" 

£ £ dXi J E 

Claim ([7T|) follows from the above convergence, Steps 1 and 3, which imply that 

B F C, 



e 2 A /Al(£) 

as £ ->• 0+, and (jTO) . 

Step 5: we claim that, for every xq G (0, 1), 



= (1) 



(72) ^rt" 2 "^^" 1 ) ^ as£^0+. 

Let us fix x 7^ 1. Then, taking into account (|67p . Lemma I3TT1 and Corollary 13.21 imply that 

(73) eV ^»-D = li m *M*- l) + xo) 

e^0+ <p e {x ) 

^ g2i Apll( X0 _i) e1 /A7(S)(x-l) + g-VMSJfi-l) 

= lim — 5 === . 

£ e 2^(* -i) + ! 

By contradiction, let us assume that (|72[) is not true and hence that there exist a > and a 
sequence {£„}„ — s- + such that 



^ a > 0, for all n, 



SINGULARITY OF EIGENFUNCTIONS, PART II 



17 



which, in view of (|7ip. implies that 

^^(-o-d = 0(1) asn ^ +0O . 

Then there exist <£l and a subsequence {s nk }k such that 



e 



If £ ^ -1, then from ([73]) it follows that 

V%(E)(x-i) _ i£I + e 

£+1 

thus contradicting the fact that x ^ 1. On the other hand, if I = — 1 the limit at the second line 
of (|73[) is ±oo, giving again rise to a contradiction. 

We are now in position to conclude the proof. From (p7|) . ([7T|) . and ((72)) it follows that 



lim e _1 e-^— (ao_1 U e (xo) 



lim e~ L e ~ { - x °~ 1> A E e^^ {x °- L > + B e e 

lim <^ — + -^ e - 2 -^— {x °- x > 
e->o+ £ e 



^( ei ) j^{l,x')^{x')dx\ 
thus completing the proof. □ 



In order to come to a further step in our analysis, we find useful to recall some basic facts in 
(TTj concerning the blow-up limit at the left junction. We define 

(74) u e :fr^R, u e (x) = __g «( ga; ) 

V is u e( £: ' ex ') dx' 

where 

ft £ := £)- U{(xi,x') £ Tj : < i! sC l/ e } u {(xi, x') : x x > 1/e}. 
We observe that u e solves 

{— Aw E (i) = e 2 A e p(ex)u e (a;), in fl e , 
S E = 0, on <9fk 

We let I) as in (TTT)) . and consider, for all r > 0, T-L r as defined at page[TT] The change of variable 
y' = ex' yields 



(75) / u 2 s (l,x')dx' = 1 



In (TTJ Lemma 5.2 and Corollary 5.5], the following result is proved. 

Proposition 3.4. (\17\ ) For every sequence e„ — > + , there exist a subsequence {s nk }k o.nd 

C G K \ {0} such that u £n — > C<& strongly in H r for every r > 1, in C 2 (Br 2 \Br 1 ) for all 

1 < n < ?'2, and in C 2 ({(xi,x') : t% ^ x\ ^ ^2, |x'| ^ 1}) /or < ti < i2j where <S> is i/ie 
unique solution to (j20|) . 



The following lemma ensures that the constant C in Proposition ^. 41 is positive. 
Lemma 3.5. Let {e n } n , {e nk }k and C as in Proposition\3.4\ Then C > 0. 
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Proof. Let us assume by contradiction that C < 0. Since u Sn — > C$ strongly in C 2 (T 2 ), we 
have that, if k is sufficiently large, then u £rl < on IT . 

From [T71 Corollary 1.3], there exists a sub-subsequence {£ nk .}j such that 

2£n fc . < — , Ue n > on IT/ ., and u e „ < on 
Therefore, for j large, the functions 



0, in U G ff nf! ' : x x ^ 0}, ( Jr" P^ da; ) 2 

are well-defined and belong to T> 1 ' 2 (M N ) (if trivially extended to the whole WL"). 
Let Aj = D~ \ Byj. Then vj satisfies 

-Avj = X Snk ,pvj, mAj, 

Vj=Q, ondAjDdD-, 
J RN ptfdx = 1. 

Testing equation © for e = e„ fc with Uj we obtain 

Vvj\ 2 dx~\ e I pv 2 dx, 

I pv 2 dx = / pVjdx = 1, / |VSj| 2 rfa;= / | Vvj \ 2 dx = \ £n . 

JK« JD-\B- Cnk Jr n JD-\B- Enk kj 

Hence {vj}j is bounded in 2? 1,2 (IR Ar ) and, along a subsequence, 2? 1,2 (R Ar )-weakly converges to 
some v £ I? 1 ' 2 (R Ar ) such that J Rn pv 2 dx = 1, suppv c D~ , and 

f-A« = A fco ( J D+>v, inZT, 
1 w = 0, on dD~, 

thus implying that A/ Co (Z? + ) G cr p (D~) and contradicting assumption (jU). □ 



hence 



We can conclude that the convergence in Proposition 13.41 is not up to subsequences, since the 
limit can be univocally characterized by virtue of (|75[) and Lemma 13.51 Indeed, passing to the 
limit in ([75]) . we obtain that 

C 2 = (J &(l,x')dx'^ , 

and hence by Lemma 13.51 we conclude that 

(76) C= 1 

^j^{l,x')dx' 

Therefore we can improve Proposition 13.41 as follows. 

Proposition 3.6. As e — > + , 

$ 

strongly in % r for every r > 1, m C 2 ({(xi,x') ■ t% ^ X\ ^ t%, \x'\ ^ 1}) for all < t\ < ti, and 
in C 2 (Br 2 \ Br t ) for all 1 < n < r2, where $ is £/ie unique solution to (l20l) . 
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As a further step in our analysis, we evaluate the asymptotic behavior as e — > + of the function 
H E defined in (|50|) at e-distance from the left junction in the corridor. To this aim, the following 
lemma is required. 

Lemma 3.7. Let $ be the unique solution to ([2"0"|) . Then 



as X\ — > +00 uniformly with respect to x' € S. 



Proof. Let g : T+ K, g(x u x') = $(xx,x') - eS /Xl( -^ Xl ^f(x'). From (J20J) and (EU it follows 
that J T +(|Vg| 2 + \g\ 2 *) < +00, g > in T+, g = on {(x 1 ,x') : x\ > 0, |x'| = 1}, and g weakly 

solves — Ag = in . Let f(x\,x') = e~ ^^ipf (x'/2) ; we notice that / is harmonic and 
strictly positive in T x + , bounded from below away from on {(x\,x') : x\ = 0, ^ 1}, and 
J T +(|V/| 2 + |/| 2 ) < +00. Hence, from the Maximum Principle we deduce that g(x) const f(x) 
in thus implying the conclusion. □ 

We are now in position to provide the asymptotics of H £ at e-distance from the left junction in 
the corridor. 

Proposition 3.8. Let H e be as in (|50|) . Then 



(77) ^6"^^^'^= ^( e 0(j[ *M 

being uq as in ((5|), $ the unique solution to (|15[) . and $ i/ie unique solution to (|20j) . 

Proof. Let </> e as in C e as in and A E ,B E as in (|57| . We proceed by steps. 
Step 1: we claim that 

(78) lim e^e-^^Me) ~ ^e~ 2 ^^ = |^( ei ) / x')^f(x')dx'. 
e^o+ e dxi J s 

To prove l|78)) . let us fix xq e (0, 1) and integrate (|66)l over (e, xq). For e sufficiently small, xo > e. 
We obtain that 



a 



2 V /AT(E) 

Hence ^75J) follows from ([55 ]) . ([721 . and (|55|) . 
Step 2: we claim that, for every h > 0, 



e -2«(s-l) _ e -2«(xo-l) 



(79) e-^V^^/i) = C - Ce- 2h V^ + 4>(0) e - 2h V>^ 
where C is as in f|T6[) and 

(80) 0:[O,+oo)^M, =C / ®(t,x')ipf(x')dx'. 
Since 4> is harmonic on its domain, <p solves 

L-V^)^(t)J = Ce- 2 V^\ for all t e [0,+oo), 
being C a real constant (independent of t). Integrating the above equation over (0, h), we obtain 



^/i) - *(0) = — (l - e- 2h V^)) 



and then 



for all h > 



(81) C = 2V ^L- ( e - fe V^0(^) - 0(0)) for all fc > 0. 
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From Lemma [Qit follows that e~ h V /Al(s) l $(h) = + o(l) as h — > +00, then letting h — > +00 in 
(EH) we obtain that C = 2 v /a7(S) (d - c/>(0)) and then 

e~ h V>^4,(h) = (C- 4>(0)) (l - e - 2h V^^j + 0(0) for all h > 



which yields claim (17^1) . 
Step 3: we claim that 



(82) lim ^ ; i/2 = 0(0) - C. 



To prove (jB"2"|) we follow the scheme of Proposition l3.3l We fix > 1 and integrate over (e, fee), 
thus obtaining 



= ^ £ f e -2^pS( £ -l) _ e -2^pS(fe E -l) 

2VaT(S) v 

i.e., in view of (|55| . 

p -^jN, _ -VMS) ^g) = ^e^ 1 ( p -2h^m _ p -2VM^)) 



6 v — - = — g v ^ \ ; — g 



which, in view of (|64|) . Proposition [3761 (|80)) . and (|79|) . implies that 



(e- 2fc AM - e -2VH(W)) (0(0) _ C) 



as e — > + , thus proving claim 

In order to conclude the proof, we observe that from (|75|) it follows 



lim 



= |^(ei) J $(l,x')i>?(x')dx' 
which is sufficient to conclude in view of ([53)1. ([?4"|). Proposition \%M 0, © and ([75]). □ 



We are now in position to derive an asymptotics for the normalization (f r - m 2 . da) 

k "j 



1/2 

. VJr; „ — , 

Proposition 3.9. Let k as in Theorem ] 1.1[ Then 



it 2 , da 



Proof. We divide the proof in several steps. 
Step 1: we claim that, for every h > k > 1, 

(84) ^L = ^L =m) 
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where 

v : fl,+oo) -> M, v(r):=d $(r0)* _ (d)da(9), 

with $ being the unique solution to (|20[) and C as in (|76p. Since <f> is harmonic on its domain, v 
solves 

(^ +1 (*)')' = 0, m(l,+oo), 
hence, by integration, there exists Ce 1 (independent of h, k) such that 

m = m+g (k -N_ h -N ): foralll<fc</ , 

/i k N 

Hence 

C= fc-^-^ (— J' fOTalll < fc <^ 

From it follows that ^ -> as /i +oo. Hence C = -Nj^w and claim (JHU) is proved. 
Step 2: for all r <G (e, 3) let us define 



<pj(r) = / u e (r0)*-(0)da(0). 
From © and © it follows that tp~ satisfies 



(85) 



and hence there exists a constant d £ (depending on e but independent of r) such that 

<*> (^y-pfer- *<..?>. 

We claim that, for every fc > 1, 

(87) 7^ = "^- 

Integration of (|5B]) in (fee, /ier) for h > k > 1 yields 
and then 



Ne"-iJH E (e) fc ^ h " \ h Jh&) k \l H £ {e) t 



Since y fJ r£ ' 1 = J s n-i u e {r6)^ (9) da (6) for all r > 1, from Proposition ^. 61 it follows that 



lim V f ^ = v(r), for all r > 1, 



hence passing to the limit as e — > + in (|89|l we obtain 

which yields claim ([57)1 in view of ([8"3)1. 
Step 3: we claim that 

4 AT 
(90 lim ; = ; 
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From (|85j) it follows that there exist a £ , (3 e £ R (depending on e but independent of r) such that 

ip~ (r) = a e r + f3 £ r l ~ N , for all r G (e, 3). 

From (1551) it follows that 



(91) & = 

From Proposition 12.81 we have that 

u £ (x) U 



as e — > + , strongly in "H t for every £ > and in C 2 (B to \ B ti ) for all < t\ < £2- Hence, for all 
re (0,3), 

(92) lim ^ (r) - ^ 



where 

p(r) := / U(rO)V-(9)d(T(0). 

Since £/ is harmonic in J3^~, it is easy to prove that there exist a, b S R such that 

^(r)=ar + i)r 1 " Ar , for all r € (0, 3). 
From ([2"3")) it follows that 6=1. Hence (|92[) can be rewritten as 

(93) lim + PeVl ~ N = a 7 ~ + rl ~ N for all r € (0 3) . 



'/ r _ U do 

k 

We claim that = O(l) as e —> + ; to prove this, wc assume by contradiction that along a 
sequence e n — > + there holds lim„^ +oc = 0. Then from (|9"3")l there would follow, for all 
re (0,3), 

a e a e r + /3 e r 1_JV 1 a + r~ N 

hm — — = lim — t. = — — 

thus giving rise to a contradiction since different values of r yield different limits for the same 
sequence. 

From the fact that is bounded, it follows that there exist a sequence e„ — » + and some 

leM such that lim„_j. +00 = £. Hence (|9"5)l implies that 

/3 £ a e r + /3 £ r 1 -^ 1 1 ar + r 1 ^ 

hm — " — = hm 



for all r e (0, 3), hence necessarily £ — a (otherwise different values of r would yield different limits 
for the same sequence). In particular the limit lim„^ +oc does not depend on the sequence 
{£n\n, thus implying that 

hm — = a. 

e->0+ fie 
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Hence ((93)) implies that, for all r <S (0, 3), 



At ,. a E r + [3,r 1 - N 

lim — — = lim 



1 ar + r 1_JV 



,l-N\ 



J r7 U 2 da^ r + r > Jf r7 U 2 d<T 



which yields claim in view of (|9T|) . 

Combining (|9"tJ)) . (|57)l. and Proposition 13.81 we finally obtain 

VmT^) _ N 
lim e e e 

£^0 + 

V 

thus completing the proof. □ 

Remark 3.10. We would like to stress that, in the flavor of [1], the asymptotic behavior of 
solutions is affected by the domain's geometry: the constants at the left hand side of (|83|) depend 
on the solutions of the relative blow-up limits, in addition to the initial normalization uq. It is 
interesting to notice that the geometry of the left-hand side already appears in the asymptotics of 
Proposition ^. 81 even if the solution has not crossed the left junction yet. 

Proof of Teorema 11.31 It follows combining Propositions 12.81 and 13.91 □ 
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